Introduction
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The IGRF is an internationally agreed spherical harmonic reference model describing the largest scales of the internal 26 part of the Earth's magnetic field. It is widely used by scientists studying local and regional crustal magnetic anomalies, 27 by those studying space weather and solar-terrestrial magnetic interaction, and it is also sometimes used by individuals 28 and commercial organizations for navigational purposes. Under normal circumstances the IGRF is updated every 5 years; IGRF-11 candidate models take the form of Schmidt semi-normalized (sometimes also referred to as quasi-normalized) sin mφ components respectively, where φ denotes geocentric longitude. As is conventional n denotes spherical harmonic 81 degree while m denotes spherical harmonic order. Often we will be concerned with differences between a candidate model (
Much use will be made below of the mean square vector field difference between models per spherical harmonic degree 
where a is the magnetic reference spherical radius of 6371.2km which is close to the mean Earth radius, and r is the radius 88 of the sphere of interest, which is taken as r = a for comparisons at the Earth's surface and r = 3480 km for comparisons 89 at the core-mantle boundary. Summing over degrees n from 1 to the truncation degree N and taking the square root yields 90 the RMS difference between the models i and j averaged over the spherical surface
It is sometimes informative to calculate i,j R when the reference model j is a weighted mean of the K candidates models 
The precise details of the various weightings used will be be discussed in detail below. In the special case when all i w = 1
94
we obtain the simple arithmetic mean model (which we refer to below as model M ) with coefficients
In addition to calculating i,j R for individual models, it is also possible to compute the mean value of i,j R for the ith model 
Taking the special case when the reference model is zero (2) reduces to the standard Lowes-Mauersberger geomagnetic 98 power spectrum R n for a given model
99
R n = (n + 1) a r 
Analysis of spherical harmonic spectra is a powerful way to diagnose differences in amplitude between models but tells 100 us little about how well they are correlated. The correlation per degree between two models again labelled by the indices i 101 and j can be studied as a function of spherical harmonic degree using the quantity i,j ρ n (see, for example p.81 of Langel
102
and Hinze (1998)) [
The degree correlation between a given model i and the arithmetic mean model M that is frequently considered below may 104 then be defined as
Assuming that the candidate models are independent, that they involve only random errors, and that these errors have a 106 standard deviation at degree n common to all the K contributing models, then this common sample standard deviation can 107 be estimated from the scatter about the mean. Expressed in terms of a per degree sample standard deviation s n , the rms 108 scatter of the resulting field, is given by
The corresponding standard error in the arithmetic mean determined from these K models is then
A final statistical tool of interest is the method of 'robust' estimation (see, for example, Huber, 1996; Hogg, 1979) . This 111 approach is known to be of value when error distributions are non-Gaussian, in particular if outliers are present. During the
112
IGRF-11 evaluation process, in an investigation of the possible applicability of this method, the 'robust' weighted mean of 113 each spherical harmonic coefficient was determined treating the set of values for each coefficient as an independent data 114 set. The weights entering this calculation were determined by an error distribution that is often referred to as the Huber
where is the normalized departure from the mean, c = 1.5 is a parameter chosen for a compromise between a Laplacian E2 at degree 13 (where it contains higher power than the other candidates). receive low weights for certain coefficients; E2 also receives some fairly low weights for coefficients between n=6 and n=9.
168
Almost all coefficients of candidates A, B and G receive full weights of 1.0 illustrating that they are consistently closer to 169 the robust mean, so are apparently of consistently higher quality. (11), calculated from the mean of DGRF-2005 candidates A, B and G is shown in blue. It was assumed that (within a given degree) all the candidates had the same standard deviation. The dashed red curve shows the expected uncertainty due to rounding to 0.1nT, given by the expression 0.1 p (2n + 1)(n + 1)/12. Note that above degree 7 the uncertainty due to rounding is greater than the error in the mean. discussed above). In Figure 5 the difference in power per degree between the IGRF-10 candidates and DGRF-2005 ( i,j R n ) are presented.
211
It appears that the problems with candidate D1 are predominantly at high degree (n > 7); it is better than most other 212 candidates at the lower degrees. Candidate C1 was further from DGRF-2005 than all the other candidates even at low 213 degrees 1-8 suggesting some systematic problem with this model. It is also noticeable that candidate A1 did better than the 214 other candidates for the dipole (n = 1) terms while candidate B3 performed best at high degrees, especially n = 12, 13. Table 5 shows 230 i R the mean differences i,j R (excluding the zero value for the difference between candidates and themselves -see (6)).
231
As anticipated, the differences between the IGRF-2010 candidates is larger than between the DGRF-2005 candidates, Table 5 . RMS vector field differences i,j R from in units nT between IGRF-2010 candidates and also between them and the arithmetic mean of all candidates M and the weighted mean Mw (see text) . The bottom row displays the mean of the RMS vector field differences between each candidate model and all other candidate models i R from (6) labelled 'Mean Diff'.
In Figure 6 (left) we plot the Lowes-Mauersberger spectra R n from (7) of the IGRF-2010 candidates at the core-mantle 238 boundary. Candidates E and D have noticeably higher power in degrees 11 and 13 suggesting that they may have difficulties
239
with noise being mapped into the model coefficients at high degree. in the polar regions in all cases. The analysis of the IGRF-2010 candidate models in physical space highlights that the most 263 serious differences in the candidate models occur in the polar regions and to a lesser extent along the dip equator. Future 264 efforts towards improved field models will require better models of external and induced fields in these regions. 
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In Table 6 we report the RMS vector field differences i,j R between the IGRF-10 SV candidate models, their weighted 
291
In Figure 9 the power spectra of the RMS vector field differences per degree between the candidates and also SV-2007.5-
292
G10 compared to SV-2007.5-G11 are presented. Candidate C1 is found to have the largest differences at all degrees less 293 than 6 while candidate B2 performs most poorly at degrees 7 and 8. Candidates A3, B1 and B2 involved extrapolation via 294 quadratic terms out to 2007.5 and consequently had higher power at high degrees; the simpler linear models C1 and D1 are 295 found in this case to perform better at high degree suggesting that extrapolation using quadratic terms was not beneficial. 
Analysis of IGRF-11 SV-2010-2015 candidates
297
The final evaluation carried out was that of candidates submitted for the IGRF-11 average predictive SV for the interval 298 2010-2015. SV candidates were sought only to degree 8 although test models to higher degree were also submitted by some Table 7 . Analysis begins as before with a compilation of RMS vector field differences i,j R in Table 8 Given the spread in the candidate models it is instructive to consider the Lowes-Mauersberger spectra (7) of the SV
316
candidates at Earth's surface in Figure 10 (left), rather than at the core-mantle boundary as was done for the MF models.
317
There appears to be no obvious way to choose between the candidates; they are widely spread at all degrees rather than 318 form a consistent with a few anomalous outliers. Candidate G contains noticeably more power in degree 6 while candidate 319 E has a very different spectral slope for degrees 5 to 8 (with degree 7 appearing anomalously high). The degree correlation Table 8 . RMS vector field differences i,j R in units nT/yr between SV-2010-2015 candidate models and also between these and the mean model M and the weighted mean model Mw in the columns. The final row labelled 'Mean Diff' is the mean i R of the i,j R for each candidate or mean model. different than candidates E and G. In Figure 11 the left hand plot presents the coefficient by coefficient differences defined in (1), between the candidate models and model M while the right hand plot presents the Huber weights allocated by the robust weighting procedure.
326
Candidate E is consistently allocated Huber weights as low as 0.4 for many coefficients above degree 6 while candidate G 327 possesses some noticeably anomalous coefficients even at low degree (this is also apparent in the plot of i ρ n in Figure 10 ). shows global differences at Earth's surface that appear to be mainly due to a differences in its axial dipole term, but also 336 a significant difference in its equatorial dipole contribution evident at equatorial latitudes. Candidate C2 possess some 337 noticeable differences at low latitudes and also at northern polar latitudes.
338
We remark that the differences between SV candidates are often most striking at low latitudes; this becomes even more 339 obvious when the models are analyzed at the core-mantle boundary. These differences amount to different predictions 340 concerning the evolution (especially westward drift) of high amplitude flux features that are found at low latitudes at the 341 core-mantle boundary and are responsible for a large amount of the present secular variation. Accurate determination of 342 the evolution these low latitude features is crucial for accurate SV predictions -it will be of great interest in the upcoming 343 five years to see whether any of the candidates (including H which based on an approximation of core physics) performs 344 better in this regard than the weighted mean of the candidates M w -it is unfortunately not currently possible to make a prior 345 judgment on this matter. 
364
The analyses presented earlier in this section, in both physical space and spectral space, suggested that candidate E (which IGRF-11 is thus identical to the the model M w discussed above. We emphasize that in the case of SV models it is much 370 more difficult to be certain that a particular candidate is in error simply because it differs from a mean model, because
371
there are non-random difficulties in field forecasting, and because it is not obvious that a mean model is more likely to be 372 correct. Further study of how best to propagate forward information from accurate MF and SV models at the current epoch 373 is urgently needed. 
Conclusion
375
In this article we have described some of the statistical tests carried out by the IGRF-11 task force in order to evaluate 
381
The retrospective main field models submitted for DGRF-2005 were found to largely be in good agreement. Candidates
382
A, B and G, based on parent models from the established series of MF models CHAOS, POMME and GRIMM, were found they can provide better forecasts than the traditional extrapolation strategies.
